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BRANCHING OF SOME HOLOMORPHIC
REPRESENTATIONS OF SO(2,N)
HENRIK SEPPÄNEN
Abstrat. In this paper we onsider the analyti ontinuation
of the weighted Bergman spaes on the Lie ball
D = SO(2, n)/S(O(2)×O(n))
and the orresponding holomorphi unitary (projetive) represen-
tations of SO(2, n) on these spaes. These representations are
known to be irreduible. Our aim is to deompose them under the
subgroup SO(1, n) whih ats as the isometry group of a totally
real submanifold X of D . We give a proof of a general deomposi-
tion theorem for ertain unitary representations of semisimple Lie
groups. In the partiular ase we are onerned with, we nd an
expliit formula for the Planherel measure of the deomposition
as the orthogonalising measure for ertain hypergeometri poly-
nomials. Moreover, we onstrut an expliit generalised Fourier
transform that plays the role of the intertwining operator for the
deomposition. We prove an inversion formula and a Planherel
formula for this transform. Finally we onstrut expliit realisa-
tions of the disrete part appearing in the deomposition and also
for the minimal representation in this family.
Introdution
One of the main problems in the representation theory of Lie groups
and harmoni analysis on Lie groups is to deompose some interest-
ing representations of a Lie group G under a subgroup H ⊂ G. This
deomposition is also alled the branhing rule. Among other things,
this has led to the disovery of new interesting representations. An
exposition of the general theory for ompat onneted Lie groups,
1991 Mathematis Subjet Classiation. 32M15, 22E46, 22E43, 43A90, 32A36.
Key words and phrases. Bounded symmetri domains, Lie groups, Lie algebras,
unitary representations, spherial funtions, hypergeometri funtions, intertwin-
ing operator.
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inluding the lassial results for U(n) and SO(n) (by Weyl and Mur-
naghan respetively), an be found in [12℄.
Sine the work by R. Howe [7℄ and M. Kashiwara and M. Vergne (f
[10℄), it has turned out to be fruitful to study the branhing of singular
and minimal holomorphi representations of a Lie group ating on
a funtion spae of holomorphi funtions on a bounded symmetri
domain. In [9℄, Jakobsen and Vergne study the restrition of the tensor
produt of two holomorphi representations to the diagonal subgroup.
In this paper we will study the branhing of the analyti on-
tinuation of the salar holomorphi disrete series of SO(2, n) un-
der the subgroup H = SO0(1, n). The subgroup H here is realised
as the isometry group of a totally real submanifold of the Lie ball
SO(2, n)/S(O(2)× O(n)). The branhing for a general Lie group G
of Hermitian type under a symmetri subgroup H has been studied
reently by Neretin ([19℄, [18℄), Zhang ([28℄,[30℄,[29℄) and by van Dijk
and Pevzner [25℄. In [14℄, Kobayashi and Ørsted studied the branhing
for some minimal representations. The branhing rule for regular pa-
rameter and for some minimal representations is now well understood.
However, the problem of nding the branhing rule for non-disrete,
non-regular parameter is a diult one, and there is still no omplete
theory for the general ase.
We nd the branhing rule for arbitrary salar parameter ν in the
Wallah set of SO(2, n). It turns out that for small parameters ν
there appears a disrete part in the deomposition. We disover here
an intertwining operator realising the orresponding representation. It
should be mentioned that for large parameter (in this ase ν > n− 1)
the orresponding branhing problem has been solved by Zhang in [28℄
for arbitrary bounded symmetri domains.
The paper is organised as follows. In Setion 1 we desribe the ge-
ometry of the Lie ball. In Setion 2 we reall some fats about general
bounded symmetri domains and Jordan triple systems. In Setion 3
we establish some fats about the real part of the Lie ball. In Setion
4 we onsider a family of funtion spaes and orresponding unitary
representations. Setion 5 is devoted to branhing theorems and to
nding the Planherel measure. In Setions 6 and 7 we nd realisa-
tions of the representations orresponding to the disrete part in the
deomposition and to the minimal point in the Wallah set respe-
tively.
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1. The Lie ball as a symmetri spae
SO0(2, n)/SO(2)× SO(n)
In this paper we study representations on funtion spaes on the
domain
D = {z ∈ Cn|1− 2〈z, z〉+ |zzt|2 > 0, |z| < 1}.(1)
We will only be onerned with the ase n > 2. (If n = 1 it is the
unit disk, U , and if n = 2, D ∼= U × U). In this setion we desribe
D as the quotient of SO0(2, n) by SO(2) × SO(n)) by studying a
holomorphially equivalent model on whih we have a natural group
ation indued by the linear ation on a submanifold of a Grassmanian
manifold. Consider Rn+2 ∼= R2⊕Rn equipped with the non-degenerate
bilinear form
(x|y) := x1y1 + x2y2 − x3y3 − . . .− xn+2yn+2,
where the oordinates are with respet to the standard basis e1, · · · , en+2.
Let SO(2, n) be the group of all linear transformations on Rn+2 that
preserve this form and have determinant 1, i.e.,
SO(2, n) = {g ∈ GL(2 + n,R)|(gx|gy) = (x|y), x, y ∈ R2+n, det g = 1}
Let G+(2,n) denote the set of all two-dimensional subspaes of R2 ⊕ Rn
on whih (·|·) is positive denite. Clearly R2 ⊕ {0} is one of these
subspaes. It will be the referene point in G+(2,n) and we will denote it
by V0. The group SO(2, n) ats naturally on this set and the ation is
transitive. In fat, the onneted omponent of the identity, SO0(2, n)
ats transitively. We will let G denote this group.
We denote by K the stabilizer subroup of V0, i.e.,
K = {g ∈ G|g(V0) = V0}.(2)
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Any element g ∈ G an be identied with a (2 + n)× (2 + n)- matrix
of the form (
A B
C D
)
,(3)
where A is a 2 × 2-matrix. With this identiation, K learly orre-
sponds to the matries (
A 0
0 D
)
,
where A and D are orthogonal 2×2- and n×n-matries with deermi-
nant one respetively, i.e., K ∼= SO(2)× SO(n). The spae G+(2,n) an
be realised as the unit ball inMn2(R) with the operator norm. Indeed,
let V ∈ G+(2,n). If v = v1 + v2 ∈ V , then v1 = 0 implies that v2 = 0,
i.e., the projetion v 7→ v1 is an injetive mapping. This means that
there is a real n× 2 matrix Z with ZtZ < I2, suh that
V = {(v ⊕ Zv)|v ∈ R2}.(4)
Conversely, if Z ∈ Mn2(R) satises ZtZ < I2, then (4) denes an
element in G+(2,n).
Using (3) to identify g with a matrix and letting V orrespond to
the matrix Z, then learly
gV = {(Av +BZv ⊕ Cv +DZv)|v ∈ R2)}
= {v ⊕ (C +DZ)(A+BZ)−1v)|v ∈ R2)}.
In other words, we have a G-ation on the set
M = {Z ∈Mn2(R)|ZtZ < I2}
given by
Z 7→ (C +DZ)(A+BZ)−1.
This exhibits M as a symmetri spae.
M ∼= G/K.
Moreover, we identify the matrix Z = (XY ) with the vetor X+ iY
in Cn in order to obtain an almost omplex struture on M . With
respet to this almost omplex struture, the ation of G is in fat
holomorphi. Moreover we have the following result by Hua (see [8℄).
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Theorem 1. The mapping
H : z 7→ Z = 2
((
zzt + 1 i(zzt − 1)
zzt + 1 −i(zzt − 1)
)−1(
z
z
))t
,
where zzt = z21 + · · · + z2n, is a holomorphi dieomorphism of the
bounded domain
D = {z ∈ Cn|1− 2〈z, z〉 + |zzt|2 > 0, |z| < 1}
onto M .
We will all this mapping the Hua transform. It allows us to desribe
D as a symmetri spae
D ∼= M ∼= G/K.
2. Bounded symmetri domains and Jordan pairs
In this setion we review briey some general theory on bounded
symmetri domains and Jordan pairs. All proofs are omitted. For a
more detailed aount we refer to Loos ([15℄) and to Faraut-Koranyi
([2℄).
Let D be a bounded open domain in Cn and H2(D) be the Hilbert
spae of all square integrable holomorphi funtions on D,
H2(D) = {f, f holomorphi on D |
∫
D
|f(z)|2dm(z) <∞},
where m is the 2n-dimensional Lebesgue measure. It is a losed sub-
spae of L2(D). For every w ∈ D, the evaluation funtional f 7→ f(w)
is ontinuous, hene H2(D) has a reproduing kernel K(z, w), holo-
morphi in z and antiholomorphi in w suh that
f(w) =
∫
D
f(z)K(z, w)dm(z).
K(z, w) is alled the Bergman kernel. It has the transformation prop-
erty
K(ϕ(z), ϕ(w)) = Jϕ(z)
−1K(z, w)Jϕ(w)
−1
,(5)
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for any biholomorphi mapping ϕ onD with omplex Jaobian Jϕ(z) =
det dϕ(z). Hereafter biholomorphi mappings will be referred to as au-
tomorphisms. The formula
hz(u, v) = ∂u∂v logK(z, z)(6)
denes a Hermitian metri, alled the Bergman metri. It is invariant
under automorphisms and its real part is a Riemannian metri on D.
A bounded domain D is alled symmetri if, for eah z ∈ D there is
an involutive automorphism sz with z as an isolated xed point. Sine
the group of automorphisms, Aut(D) preserves the Bergman metri,
sz oinides with the loal geodesi symmetry around z. Hene D is
a Hermitian symmetri spae.
A domain D is alled irled (with respet to 0) if 0 ∈ D and
eitz ∈ D for every z ∈ D and real t.
Every bounded symmetri domain is holomorphially isomorphi
with a bounded symmetri and irled domain. It is unique up to
linear isomorphisms.
From now on D denotes a irled bounded symmetri domain. G is
the identity omponent of Aut(D), K is the isotropy group of 0 in G.
The Lie algebra g will be onsidered as a Lie algebra of holomorphi
vetor elds on D, i.e., vetor elds X on D suh that Xf is holomor-
phi if f is. The symmetry s, z 7→ −z around the origin indues an
invoulution on G by g 7→ sgs−1 and, by dierentiating, an involution
Ad(s) of g. We have the Cartan deomposition
g = k⊕ p
into the ±1-eigenspaes.
For every v ∈ Cn, let ξv be the unique vetor eld in p that takes
the value v at the origin. Then
ξv(z) = v −Q(z)v(7)
where Q(z) : V → V is a omplex linear mapping and Q : V →
Hom(V , V ) is a homogeneous quadrati polynomial. Hene Q(x, z) =
Q(x+ z) −Q(x)− Q(z) : V → V is bilinear and symmetri in x and
z. For x, y, z ∈ V , we dene
{xyz} = D(x, y)z = Q(x, z)y(8)
Thus {xyz} is omplex bilinear and symmetri in x and z and omplex
antilinear in y, and D(x, y) is the endomorphism z 7→ {xyz} of V .
BRANCHING OF SOME HOLOMORPHIC REPRESENTATIONS OF SO(2,N) 7
The pair (V, { }) is alled a Jordan triple system. This Jordan triple
system is positive in the sense that if v ∈ V, v 6= 0 and Q(v)v = λv for
some λ ∈ C, then λ is positive. We introdue the endomorphisms
B(x, y) = I −D(x, y) +Q(x)Q(y)(9)
of V for x, y ∈ V , where Q(y)x = Q(y)x¯. We summarise some results
in the following proposition.
Proposition 2. a) The Lie algebra g satises the relations
[ξu, ξv] = D(u, v)−D(v, u)(10)
[l, ξu] = ξlu(11)
for u, v ∈ V and l ∈ k
b) The Bergman kernel k(x, y) of D is
m(D)−1 detB(x, y)−1(12)
) The Bergman metri at 0 is
h0(u, v) = trD(u, v),(13)
and at an arbitrary point z ∈ D
hz(u, v) = h0(B(z, z)
−1u, v)(14)
d) The triple produt { } is given by
h0({uvw}, y) = ∂u∂v∂x∂y logK(z, z)|z=0(15)
We dene odd powers of an element x ∈ V by
x1 = x, x3 = Q(x)x, · · · , x2n+1 = Q(x)x2n−1.
An element x ∈ V is said to be tripotent if x3 = x, i.e., if {xxx} =
2x. Two tripotents c and e are alled orthogonal if D(c, e) = 0. In
this ase D(c, c) and D(e, e) ommute and e+ c is a tripotent.
Every x ∈ V an be written uniquely
x = λ1c1 + · · ·+ λncn,
where the ci are pairwise orthogonal nonzero tripotents whih are real
linear ombinations of odd powers of x, and the λi satisfy
0 < λ1 < · · · < λn.
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This expression for x is alled its spetral deomposition and the λi
the eigenvalues of x. Moreover, the domain D an be realised as the
unit ball in V with the spetral norm
‖x‖ = max |λi|,
where the λi are the eigenvalues of x, i.e.,
D = {x ∈ V |‖x‖ < 1}.
Let f(t) be an odd omplex valued funtion of the real variable t,
dened for |t| < ρ. For every x ∈ V with |x| < ρ we dene f(x) ∈ V
by
f(x) = f(λ1)c1 + · · ·+ f(λn)cn,(16)
where x = λ1c1+ · · ·+ λncn is the spetral resolution of x. This fun-
tional alulus is used in expressing the ation on D of the elements
exp ξv in G:
exp ξv(z) = u+B(u, u)
1/2B(z,−u)−1(z +Q(z)u)(17)
and
d(exp ξv)(z) = B(u, u)
1/2B(z,−u)−1,(18)
where u = tanh v, for v ∈ Cn and z ∈ D.
3. The real part of the Lie ball
We onsider the non-degenerate quadrati form
q(z) = z21 + · · ·+ z2n(19)
on V = Cn. In the following we will often denote q(z, w) by (z, w).
Dening Q(x)y = q(x, y)x− q(x)y, where q(x, y) = q(x+ y)− q(x)−
q(y), we get a Jordan triple system. The Lie ball D = {z ∈ Cn|1 −
2〈z, z〉+ |zzt|2 > 0, |z| < 1} is the open unit ball in this Jordan triple
system. An easy omputation shows the following identity.
D(x, y)z = 2(
n∑
k=1
xkyk)z + 2(
n∑
k=1
zkyk)x− 2(
n∑
k=1
xkzk)y
Realling that B(x, y) = I−D(x, y)+Q(x)Q(y). The Bergman kernel
of D is
K(z, w) = (1− 2〈z, w〉+ (zzt)(wwt))−n.(20)
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We will hereafter denote it by h(z, w)−n. Consider the real form Rn
in Cn. Observe that
X := D
⋂
Rn
is the unit ball of Rn. On X we have a simple expression for the
Bergman metri:
B(x, x) = (1− |x|2)−2I, x ∈ X .(21)
The submanifold X is a totally real form of D in the sense that
Tx(X ) + iTx(X ) = Tx(D), Tx(X )
⋂
iTx(X ) = {0}
This implies that every holomorphi funtion on D that vanishes on
X is identially zero. We dene the subgroup H as the identity
omponent of
{h ∈ G|h(x) ∈ X ifx ∈ X }
We will denote H
⋂
K by L.
Using the fat that the real form Rn is a sub-triple system of Cn,
one an show that X is a totally geodesi submanifold of D (f Loos
[15℄). Hene we an desribe X as a symmetri spae
X ∼= H/L.
We now study the image of X in theMn2(R)- model of the Lie ball.
For omputational onveniene, we now work with the transposes of
these matries. The dening equation of the Hua-transform an be
written as
1
2
(
zzt + 1 i(zzt − 1)
zzt + 1 −i(zzt − 1)
)
Z =
(
z
z
)
(22)
In the oordinates (z1, . . . , zn) of z, this identity takes the form
zk =
1
2
( (zzt + 1)xk + i(zz
t − 1)yk).(23)
This gives
4zzt = (zzt)2(X + iY )(X + iY )t + 2(XX t + Y X t)zzt(24)
+(X − iY )(X − iY )t,(25)
whih is a quadrati equation in zzt with unique solution
zzt(26)
=
2− (XX t + Y Y t)− 2√(1−XX t)(1− Y Y t)− (Y X t)2
(X + iY )(X + iY )t
.
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From (23) we see that if z is real, then yk = 0 for all k. On the other
hand, if Y = 0, then (26) shows that zzt is real and therefore z is
real by (23). Hene the image of the real part X ⊂ D under the
Hua-transform is the set
H(X ) = {Z = (X 0) |X ∈ Mn1(R), |X| < 1},(27)
sine for an element Z = (X 0), the ondition that ZtZ < I2 is learly
equivalent with |X| < 1.
Reall that the real n-dimensional unit ball an be desribed as a
symmetri spae SO0(1, n)/SO(n) by a proedure analogous to the
one in the rst setion. One rst onsiders all lines in R1+n on whih
the quadrati form x21−x22−· · ·−x2n+1 is positive denite and identies
these lines with all real n× 1-matries with norm less than one. If we
write elements g ∈ SO(1, n) as matries of the form
g =

a − b −
|
c D
|
 ,(28)
the ation is given by
X 7→ (c+DX)(a+ bX)−1.(29)
The group SO(1, n) an be embedded into SO(2, n). Indeed, the
equality
a 0 − b −
0 1 − 0 −
| |
c 0 D
| |


a′ 0 − b′ −
0 1 − 0 −
| |
c′ 0 D′
| |

=

aa′ + bc′ 0 − ab′ + bD′ −
0 1 − 0 −
| |
ca′ +Dc′ 0 cb′ +DD′
| |

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shows that we an dene an injetive homomorphism θ : SO(1, n) →
SO(2, n) by
θ :

a − b −
|
c D
|
 7→

a 0 − b −
0 1 − 0 −
| |
c 0 D
| |
.

This subgroup ats on H(X ) as
(X 0) 7→ ((c +DX)(a+ bX)−1 0)
and the ation is transitive. Suppose now that h ∈ SO(2, n) preserves
H(X ). Let p = h(0). We an hoose a g ∈ SO0(1, n) suh that
g(0) = p (here we identify g with θ(g)). Then g−1h(0) = 0 and hene
we an write it in blok form as
g−1h =
(
I2 0
0 D
)
,
with D ∈ SO(n). This is an element in θ(SO(1, n)) and hene h ∈
θ(SO(1, n)). We have now proved the following theorem.
Theorem 3. The Hua transform H : D → M maps the real part X
dieomorphially onto
H(X ) = {Z = (X 0) |X ∈Mn1(R), |X| < 1}(30)
by x 7→ 2x
1+|x|2
. Moreover, the indued group homomorphism h 7→
H hH−1 is an isomorphism between the groups H and SO0(1, n)
Remark. The model H(X ) of SO0(1, n)/SO(n) is the real part of
the omplex n-dimensional unit ball SU(1, n)/SU(n) with frational-
linear group ation. It is therefore equipped with a Riemannian metri
given by the restrition of the Bergman metri of the omplex unit
ball. If x ∈ H(X ), x 6= 0, we deompose Rn = Rx ⊕ (Rx)⊥. We let
v = vx + vx⊥ be the orresponding deomposition of a tangent vetor
v at x. In this model, the Riemannian metri at x is (f [21℄)
gx(v, v) =
|vx|2
(1− |x|2)2 +
|vx⊥|2
(1− |x|2) .
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We reall from equation (21) that if x ∈ X , then the Riemannian
metri at x is
hx(v, v) =
1
2n
|v|2
(1− |x|2)2 .
The Hua transform thus indues an isometry (up to a onstant) of the
real n-dimensional unit ball equipped with two dierent Riemannian
strutures.
3.1. Iwasawa deomposition of h. The Cartan deomposition g =
k⊕ p indues a deomposition h = l⊕ q. We let
a = Rξe
be the one-dimensional subspae of q, where e = e1 denotes the rst
standard basis vetor and the orresponding vetor eld ξe is dened
in (7).
Proposition 4. The Lie algebra h has rank one, and the roots with
respet to the abelian subalgebra a of q are {α,−α}, where α(ξe) = 2.
The orresponding posive root spae is
qα = {ξv + 1
2
(D(e, v)−D(v, e))|v ∈ Re2 ⊕ · · · ⊕ Ren}
Proof. This is known in a general ontext, but we give here an ele-
mentary proof.
Take u and v in Rn and assume that [ξu, ξv] = 0. Then, for any
x ∈ Rn we have
D(u, v)x = D(v, u)x.
A simple alulation shows that this amounts to
(u, x)v = (v, x)u,
whih an only hold for all real x if u = v.
Thus a is a maximal abelian subalgebra in q. The vetor e is a
maximal tripotent in the Jordan triple system orresponding to D .
Suppose that [ξe, ξv + l] = α(ξe)(ξv + l). Identifying the q- and l-
omponents yields
D(e, v)−D(v, e) = α(ξe)l(31)
−ξle = α(ξe)ξv(32)
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From (32) it follows that le = −α(ξe)v and, thus, applying both sides
of (31) to e gives
D(e, v)e−D(v, e)e = −α(ξe)2v,
i.e.,
D(e, e)v −D(e, v)e = α(ξe)2v,
An easy omputation gives
4v − 4(e, v)e = α(ξe)2v.
Hene e is orthogonal to v and α(ξe)
2 = 4. The rest follows immedi-
ately. 
We shall x the positive root α. Elements in a∗
C
are of the form
λα and will hereafter be identied with the omplex numbers λ. In
partiular, the half sum of the positive roots (with multipliities), ρ,
will be identied with the number (n− 1)/2.
3.2. The Cayley transform. The Cayley transform is a biholomor-
phi mapping from a bounded symmetri domain onto a Siegel domain.
We desribe it for the domain D and use it to express the spherial
funtions on X in terms of the spherial funtions on the unbounded
domain. We x the maximal tripotent e. Then Cn equipped with the
bilininear mapping
(z, w) 7→ z ◦ w = 1
2
{zew}(33)
is a omplex Jordan algebra. Observe that sine e is a tripotent, it is
a unity for this multipliation. The Cayley transform is the mapping
c : Cn → Cn dened by
c(z) = (e+ z) ◦ (e− z)−1,(34)
where (e − z)−1 denotes the inverse of (e − z) with respet to the
Jordan produt.
Proposition 5. The Cayley transform is given by the formula
c(z) =
1− zzt
1− 2z1 + (zzt)2 e +
2z′
1− 2z1 + (zzt)2 ,(35)
for z = (z1, z
′) = z1e+z
′ ∈ D . Moreover, it maps X onto the halfspae
{(x1, . . . , xn} ∈ Rn|x1 > 0}.
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Proof. We rst nd the inverse for an element x. Suppose therefore
that e = 1
2
{xez} = 1
2
D(x, e)z, i.e.,
e = (x, e)z + (z, e)x− (x, z)e = x1z + z1x− (x, z)e
Identifying oordinates gives
1 = 2x1z1 − (x, z)
0 = x1z
′ + z1x
′
These equations have the solution
z1 = x1/(x, x)
z′ = −x′/(x, x).
If we apply this to the expression (e − z)−1 in the denition of c, we
get
(e− z)−1 = 1− z1
(1− z1)2 + (z′, z′)e+
z′
(1− z1)2 + (z′, z′) .
Now the formula (35) follows by an easy omputation. Moreover, we
observe that the inverse transform is given by
w 7→ (w − e) ◦ (w + e)−1 = −c(−w).
Hene both c and c−1 preserve Rn and therefore
c(X ) = c(D)
⋂
Rn.
We now determine c(X ).
From ([15℄) we know that (sine e is a maximal tripotent)
c(D) = {u+ iv|u ∈ A+, v ∈ A},(36)
where A is the real Jordan algebra
{z ∈ V |Q(e)z = z}
and A+ is the positive one {z ◦ z|z ∈ A} in A. By a simple ompu-
tation we see that
A = Re⊕ Rie2 ⊕ · · · ⊕ Rien.
Sine we have the identities
z +Q(e)z = 2u,
z −Q(e)z = 2iv
and
Q(e)z = 2z1 − z,
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we get expressions for u and v:
2u = (z1 + z1, z2 − z2, . . . , zn − zn)
2iv = (z1 − z1, z2 + z2, . . . , zn + zn)
The ondition that x = u+ iv be in the image of X thus implies that
u = (x1, 0, . . . , 0),
iv = (0, x2, . . . , xn).
Moreover we require that
u = w ◦ w = 2w1w − (w,w)e,
for some
w = c1e + c2ie2 + · · ·+ cnien.
This yields
(x1, . . . , 0) = (c
2
1 + · · ·+ c2n, ic1c2, . . . , ic1cn).
Hene
c21 = x1, c2 = · · · = cn = 0,
and thus
u+ iv = (c21, x2, . . . , xn).
This proves the laim. 
Reall the expression for the spherial funtions on a symmetri
spae of nonompat type (f [6℄ Thm 4.3)
ϕλ(h) =
∫
L
e(iλ+ρ)A(lh)dl,
where A(lh) is the (logarithm) of the A part of lh in the Iwasawa
deomposition H = NAL. The integrand in this formula is alled
the Harish-Chandra e-funtion. For the above Siegel domain it has
the form eλ(w) = (w1)
iλ+ρ
(f [24℄). Hene we have the following
orollary.
Corollary 6. The spherial funtion ϕλ on X = H/L is
ϕλ(x) =
∫
Sn−1
(
1− |x|2
1− 2(x, ζ) + xxt
)iλ+ρ
dσ(ζ).(37)
where σ is the O(n)-invariant probability measure on Sn−1.
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4. A family of unitary representations of G
4.1. The funtion spaes Hν. The Bergman spae H2(D) has the
reproduing kernel h(z, w)−n. This means in partiular that the fun-
tion h(z, w)−n is positive denite in the sense that
m∑
i,j=1
αiαjh(zi, zj)
−n ≥ 0,
for all z1, . . . , zn ∈ D and α1, . . . , αn ∈ C. It has been proved by Wal-
lah ([26℄) and Rossi-Vergne ([20℄) that h(z, w)−ν is positive denite
preisely when ν in the set
{0, (n− 2)/2}
⋃
((n− 2)/2,∞)
This set will also be referred as the Wallah set (f [3℄). For ν in the
Wallah set above, h(z, w)−ν is the reproduing kernel of a Hilbert
spae of holomorphi funtions on D . We will all this spae Hν and
the reproduing kernel Kν(z, w). The mapping g 7→ πν(g), where
πν(g)f(z) = Jg−1(z)
ν
nf(g−1z)
denes a unitary projetive representation of G on Hν . Indeed, om-
parison with the Bergman kernel shows that h(z, w)−ν transforms un-
der automorphisms aording to the rule
h(gz, gw)−ν = Jg(z)
− ν
nh(z, w)−νJg(w)
− ν
n .(38)
Reall that for funtions f1 and f2 of the form
f1(z) =
l∑
k=1
αkKν(z, wk), f2(z) =
m∑
k=1
βkKν(z, w
′
k),
the inner produt is dened as
〈f1, f2〉ν =
∑
i,j
αiβjKν(wi, w
′
j)(39)
Equation (38) implies that
Kν(g
−1z, w) = Jg−1(z)
− ν
nKν(z, gw)Jg−1(w)
− ν
n .(40)
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Hene we have the following two equalities
πν(g)f1(z) =
l∑
k=1
αkJg−1(wk)
− ν
nKν(z, gwk)
πν(g)f2(z) =
m∑
k=1
βkJg−1(w
′
k)
− ν
nKν(z, gw
′
k).
The unitarity
〈πν(g)f1, πν(g)f2〉ν = 〈f1, f2〉ν
now follows by an appliation of the transformation rule (38) in the
denition (39). Sine funtions of the form above are dense in Hν , it
follows that eah πν(g) is a unitary operator and it is easy to see that
g 7→ πν(g) is a projetive homomorphism of groups. In fat, πν is an
irreduible projetive representation, f [2℄.
4.2. Fok-Fisher spaes. It an be shown that for ν > (n−2)/2 all
holomorphi polynomials are in Hν and that polynomials of dierent
homogeneous degree are orthogonal. In this ontext, the spaes Hν are
losely linked with the Fok-Fisher spae, F , whih we will now de-
sribe. The basis vetor e1 is a maximal tripotent whih is deomposed
into minimal tripotents as e1 =
1
2
(1, i, 0, . . . , 0)+ 1
2
(1,−i, 0, . . . , 0). (We
omit the easy omputations.) In order to expand the reproduing ker-
nel Kν into a power series onsistent with the treatment in [2℄, we
need to introdue a new norm on Cn so that the minimal tripotents
have norm 1, i.e., the Eulidean norm multiplied with
√
2. Then
{f1, . . . , fn} :=
{
1√
2
e1, . . . ,
1√
2
en
}
is an orthonormal basis with respet to this new norm. We write points
z ∈ D as z = w1f1 + · · · + wnfn. For polynomials p(w) =
∑
α aαw
α
,
we dene
p∗(w) =
∑
α
aαw
α.
The Fok-Fisher inner produt is now dened as
〈p, q〉F = p(∂)(q∗)|w=0,
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where p(∂) is the dierential operator
∑
α aα
∂α
∂wα
, for p as above. The
Fok-Fisher spae, F , is the ompletion of the spae of polynomials.
It is easy to see that polynomials of dierent homogeneous degree
are orthogonal in F . Moreover, the representation of SO(n) on Pm,
the polynomials of homogeneous degree m, an be deomposed into
irreduible subspaes as
Pm =
⊕
m−2k≥0
Em−2k ⊗ C(wwt)k,(41)
where Ei are the spherial harmoni polynomials of degree i (f [23℄).
This is a speial ase of the general Hua-Shmid deomposition (f
[2℄).The following relation holds between the Fok-Fisher norm and
the Hν-norm on the spae Em−2k ⊗ C(wwt)k (f [2℄).
‖p‖2ν =
‖p‖2
F
(ν)m−k(ν − n−22 )k
,(42)
for p ∈ Em−2k⊗C(wwt)k. We have the following deomposition of Hν
under K:
Proposition 7. (Faraut-Korànyi, [2℄) a) If ν > n−2
2
, then
Hν |K =
⊕ ∑
m−2k≥0
Em−2k ⊗ C(zzt)k,(43)
where Em−2k is the spae of spherial harmoni polynomials of degree
m − 2k. Moreover, we have the following expansion of the kernel
funtion:
h(z, w)−ν =
∑
m−2k≥0
(ν)m−k
(
ν − n− 2
2
)
k
K(m−k,k)(z, w),(44)
where K(m−k,k) is the reproduing kernel for the subspae Em−2k ⊗
C(zzt)k with the Fok-Fisher norm. The series onverges in norm
and uniformly on ompat sets of D ×D.
b) If ν = n−2
2
, then
Hν |K =
⊕∑
m
Em(45)
We will later need the norm of (zzt)k in Hν .
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Proposition 8.
‖(zzt)k‖2ν =
k!
(
n
2
)
k
(ν)k
(
ν − n−2
2
)
k
(46)
Proof. A straightforward omputation shows that
(
∂2
∂z21
+ · · ·+ ∂
2
∂z2n
)(z21 + · · ·+ z2n)k = (22k(k − 1) + n2k)(z21 + · · ·+ z2n)k−1
Proeeding indutively, we obtain(
∂2
∂z21
+ · · ·+ ∂
2
∂z2n
)k
(z21 + · · ·+ z2n)k =
k∏
j=1
2j(2(j − 1) + n)
= 4kk!
(n
2
)
k
The Fok-Fisher norm is omputed in the w-oordinates wi =
√
2zi,
so
(zzt)k = 2−k(wwt)k
and (
∂2
∂z21
+ · · ·+ ∂
2
∂z2n
)k
= 2−k
(
∂2
∂w21
+ · · ·+ ∂
2
∂w2n
)k
.
Hene
‖(zzt)k‖2F = k!
(n
2
)
k
and an appliation of Prop. 7 gives the result. 
5. Branhing of πν under the subgroup H
5.1. A deomposition theorem. Reall the irreduible (projetive)
representations πν from the previous setion. Our main objetive is to
deompose these into irreduible representations under the subgroup
H . The fat that X is a totally real form is reeted in the restritions
of the representations πν to H .
Proposition 9. The onstant funtion 1 is in Hν and is an L-invariant
yli vetor for the representation πν : H → U (Hν).
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Proof. First note that
Kν(z, h0) = Jh(h
−1z)−ν/nKν(h
−1z, 0)Jh(0)−ν/n
= Jh(0)−ν/nJh−1(z)
ν/nKν(h
−1z, 0)
= Jh(0)−ν/nπν(h)1(z)
Suppose now that the funtion f ∈ Hν is orthogonal to the linear
span of the elements πν(h)1, h ∈ H . By the above identity we have
f(h0) = 〈f,Kν(·, h0)〉ν
= 0.
Sine H ats transitively on X , f is zero on X . Hene it is identially
zero. 
We want deompose the representation of H into a diret integral
of irreduible representations. For the denition of a diret integral
over a measurable eld of Hilbert spaes we refer to Naimark ([17℄).
The following general deomposition theorem is stated in several ref-
erenes (e.g. [19℄), but the author has not been able to nd a proof
of it in the literature. A proof for abelian groups an be found in
[17℄. The proof we present below is based on the Gelfand-Naimark
representation theory for C∗-algebras.
Theorem 10. Let π be a unitary representation of the semisimple Lie
group H on a Hilbert spae, H . Suppose further that L is a maximal
ompat subgroup and that the representation has a yli L-invariant
vetor. Then π an be deomposed as a multipliity-free diret integral
of irreduible representations,
π ∼=
∫
Λ
πλ dµ(λ),(47)
where Λ is a subset of the set of positive denite spherial funtions
on H and for λ ∈ Λ, πλ is the orresponding unitary spherial repre-
sentation.
Proof. We onsider the Banah spae L1(H). This is a Banah ∗-
algebra with multipliation dened as the onvolution
(f ∗ g)(x) =
∫
H
f(y)g(y−1x)dy
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and involution dened by
f ∗(x) = f(x−1).
Reall that the representation π extends to a representation of the
Banah algebra L1(H) by
f 7→
∫
H
f(x)π(x)dx.
We will also denote this mapping of L1(H) into B(H ) (the set of
bounded linear operators on H ) by π. This representation will also
be yli as the following argument shows. Denote by ξ the L-invariant
yli unit vetor for H . Vetors of the form
π(fǫ)(π(h1)ξ + · · ·+ π(hn)ξ),
where {fǫ} is an approximate identity on H , will then be dense in H .
Moreover the identity
π(f)(π(h1)ξ + · · ·+ π(hn)ξ) = π((Rh−1
1
+ · · ·+Rh−1n )f)ξ,
holds for f ∈ L1(H) and h1, . . . , hn ∈ H . (Here Rhf denotes the
right-translation of the argument of f ; f 7→ f(· h). We similarly
dene Lhf .) Hene vetors of the form π(f)ξ, where f ∈ L1(H), form
a dense subset in H .
The funtion Φ dened as
Φ : π(f) 7→ 〈π(f)ξ, ξ〉(48)
extends to a state on the C∗-algebra C generated by π(L1(H)) and
the identity operator. It is a well-known fat from the theory of C∗-
algebras that the norm-dereasing positive funtionals form a onvex
and weak*-ompat set (f [16℄). For a C∗-algebra with identity, the
extreme points of this set are the pure states. Therefore, Φ an be
expressed as
Φ =
∫
X
ϕxdµ,(49)
where X is the set of pure states and µ is a regular Borel measure
on X (f [22℄, Thm. 3.28). We reall the Gelfand-Naimark-Segal
onstrution of a yli representation of a C∗-algebra assoiated with
a given state (f [16℄). In this duality, the irreduible representations
orrespond to the pure states. So eah ϕx in (49) parametrises an
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irreduible representation of π(L1(H)) on some Hilbert spae Hx with
a π(L1(H))-yli unit vetor ξx.
Herafter we will, by an abuse of notation, write Φ(f) for Φ(π(f))
and orrespondingly for the funtionals ϕx.
We dene a unitary operator T : H → ∫
X
Hxdµ that intertwines
the ations of C by
T : π(f)ξ 7→ {πx(f)ξx}, f ∈ L1(H).(50)
To see that this is well-dened, suppose that π(f)ξ = 0. Then we
have
〈π(f)ξ, π(f)ξ〉 = 〈π(f ∗ ∗ f)ξ, ξ〉 = 0(51)
i.e.,
Φ(f ∗ ∗ f) = 0(52)
By (49) we have
Φ(f ∗ ∗ f) =
∫
H
〈πx(f ∗ ∗ f)ξx, ξx〉xdµ = 0.(53)
Therefore πx(f)ξx = 0 for almost every x and hene T is well dened
on a dense set of vetors. Note that (53) also shows that T is isometri
on this set and it therefore extends to an isometry of H into
∫
X
Hxdµ.
Consider now the subalgebra, L1(H)#, onsisting of all L1-funtions
that are left- and right L-invariant, i.e.,
Llf = Rlf = f,
for all l in L. This is a ommutative Banah *-algebra (f [6℄, Ch. IV).
We know that ϕx ◦ π : L1(H)# → C is a homomorphism of algebras
and is therefore of the form (f [6℄, Ch. IV)
ϕx(f) =
∫
H
f(h)φx(h)dh, f ∈ L1(H)#,(54)
where φx is a bounded spherial funtion. In fat, this formula holds
for all L1-funtions on H , as the following argument shows.
Sine ξ is L-invariant, the identity
π(f)ξ = π(Rlf)ξ
holds for all L1-funtions f and l ∈ L. Applying T to both sides of this
equality (and using the fat that both L1(H) and L are separable),
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we see that
πx(f)ξx = πx(Rlf)ξx(55)
holds for all f ∈ L1(H) and l ∈ L outside some set of measure zero
with respet to µ. We now hoose an approximation of the identity
{ηǫ} on H , and by replaing it with {
∫
L
ηǫ(l · l−1)dl} if neessary, we
may assume that it is invariant under the onjugate ation of L.
Consider now Φǫ dened by
ϕǫ(f) = 〈π(f)π(ηǫ)ξ, π(ηǫ)ξ〉.
We dene the funtionals ϕx,ǫ analogously for all x ∈ X . Clearly
Φǫ(f)→ Φ(f) as ǫ→ 0 and therefore
lim
ǫ→0
ϕx,ǫ(f) = ϕx(f)
holds for all L1-funtions f outside some set of measure zero with
respet to µ. (Again we use the separability of L1(H).) Using the
L-onjugay invariane of ηǫ and (55), a simple alulation shows that
ϕx,ǫ(f) = ϕx,ǫ(f
#),
where
f(h) =
∫
L
∫
L
f(l1hl2)dl1dl2,
and by letting ǫ tend to zero we get
ϕx(f) = ϕx(f
#)
for almost every x. Hene
ϕx(f) =
∫
H
f(h)φx(h)dh,
for f ∈ L1(H).
Sine ϕx also preserves the involution ∗, it is a positive linear fun-
tional, i.e., ∫
H
f(h)φx(h)dh ≥ 0,(56)
for every f ∈ L1(H), suh that f = g ∗ g∗, for some g ∈ L1(H).
Lemma 11. Suppose that ϕ is a bounded spherial funtion suh that∫
H
f(h)ϕ(h)dh ≥ 0 for all f ∈ L1(H) of the form f = g ∗ g∗ for some
g ∈ L1(H). Then ϕ is positive denite.
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Proof. For any f = g ∗ g∗ as in the statement, we have∫
H
f(h)ϕ(h)dh =
∫
H
∫
H
g(y)g(h−1y)dyϕ(h)dh
=
∫
H
g(y)
∫
H
g(h−1y)ϕ(h)dhdy
=
∫
H
∫
H
g(y)g(z)ϕ(yz−1)dzdy
Pik any omplex numbers c1, . . . , cn and elements x1, . . . , xn inH and
x ǫ > 0. We an hoose a ompat set K ⊂ H , ontaining all xi in
its interior, and a neighbourhood U of the identity suh that
|ϕ(xy−1)− ϕ(x′y′−1)| < ǫ(57)
for all (x, y) and (x′, y′) in K × K suh that (xx′−1, yy′−1) ∈ U × U.
We now hoose disjoint neighbourhoods Ei of xi suh that Ei ⊂ K
and x−1i Ei ⊂ U for all i. Next, we hoose an L1-funtion g in suh a
way that its support lies in
⋃
Ei and g has the onstant value ci/|Ei|
on Ei, where
|Ei| =
∫
Ei
dh.
Now we have∫
H
∫
H
g(y)g(z)ϕ(yz−1)dzdy =
∑
i,j
∫
Ei
∫
Ej
g(y)g(z)ϕ(yz−1)dzdy
=
∑
i,j
g(yi)g(yj)ϕ(yiy
−1
j )|Ei||Ej|,(58)
for some yi in Ei. The hoie of g implies that the sum in (58) equals∑
i,j
cicjϕ(yiy
−1
j ).
This yields
|
∫
H
∫
H
g(y)g(z)ϕ(yz−1)dzdy −
∑
i,j
cicjϕ(xix
−1
j )|
<
∑
i,j
|ci||cj||ϕ(yiy−1j )− ϕ(xix−1j )| < n2 sup
i
|ci|ǫ.
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This shows that ∑
i,j
cicjϕ(xix
−1
j ) ≥ 0,
and hene ϕ is positive denite. 
Sine every positive denite spherial funtion denes an irreduible,
unitary, spherial representation of H , it also gives rise to a represen-
tation L1(H). Its restrition to the subspae of L-invariant vetors,
Ex will be L
1(H)#-invariant and one-dimensional (f [6℄, Ch. IV). If
the state ϕx orresponds to the spherial funtion φx, we denote by
(πx, Hx) both the representations of H and of L
1(H) that it indues.
Corresponding to this yli representation of L1(H) with yli unit
vetor φx, we have that the state f 7→ 〈πx(f)φx, φx〉x is
〈πx(f)φx, φx〉x =
∫
H
f(h)〈πx(h)φx, φx〉xdh
=
∫
H
f(h)〈Lhφx, φx〉xdh
=
∫
H
f(h)φx(h
−1)dh
=
∫
H
f(h)φx(h)dh.
Therefore this representation of L1(H) is unitarily equivalent to the
one given by the Gelfand-Naimark-Segal orrespondene, i.e., we an
regard the representation as oming from a representation of the group
H .
The operator T learly intertwines the group representations π and∫
X
πxdµ. The only thing that remains is to prove that T is surjetive.
Suppose that c = {cx} is orthogonal to T (π(L1(H)), i.e.,∫
X
〈πx(f)ξx, cx〉xdµ = 0.
We observe that the restrition of T to the spae H L of L-invariant
vetors intertwines the representations of π(L1(H)#) on H L and∫
x
Exdµ. The mapping
π(f) 7→ (x 7→ ϕx(f))
is the Gelfand transform that realises the ommutative C∗-algebra
generated by π(L1(H)#) and the identity operator as the algebra,
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C(X), of ontinuous funtions on X . Continuous funtions of the
form Ψ(x) = ϕx(f
Ψ), where fΨ ∈ L1(H)# are dense in C(X). For
suh Ψ we have∫
X
〈πx(f)ξx, cx〉xΨ(x)dµ =
∫
X
〈πx(f ∗ fΨ)ξx, cx〉xdµ
= 0
From this we an onlude that (using one more the separability of
L1(H)#) for all x outside a set of µ-measure zero, the equality
〈πx(f)ξx, cx〉x = 0
holds for all f ∈ L1(H)#. Sine the vetors ξx are L1(H)#-yli, we
an onlude that c = 0 and this nishes the proof. 
Remark. The measure µ in the above theorem is alled the Planherel
measure for the representation π.
5.2. Extension and expansion of the spherial funtions. Con-
sider the mapping R : Hν → C∞(X ) dened by
(Rf)(x) = h(x, x)ν/2f(x), x ∈ X
(see [28℄). When ν > n − 1, R is in fat an H-intertwining operator
onto a dense subspae of L2(X , dι) (where dι is the H-invariant mea-
sure on X ) and the prinipal series representation gives the desired
deomposition of πν into irreduible spherial representations. This is
a heuristi motivation for studying the funtions R−1ϕλ, where ϕλ is
a spherial funtion on X .
Theorem 12. Let ν > (n−2)/2. The funtion R−1ϕλ(z) is holomor-
phi on D and has the power series expansion
R−1ϕλ(z) =
∑
k
pk(λ)ek(z),
where ek(z) is the normalisation of the funtion z 7→ (zzt)k in the
Hν-norm, and the oeients pk(λ) are polynomials of degree 2k of λ
and satisfy the orthogonality relation a) If ν ≥ n−1
2
, then
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1
2π
∫ ∞
0
∣∣∣∣Γ(12 + iλ)Γ(n−12 + iλ)Γ(ν − n−12 + iλ)Γ(2iλ)
∣∣∣∣2 pν,k(λ)pν,l(λ)dλ
= Γ
(n
2
)
Γ
(
ν − n− 2
2
)
Γ(ν)δkl.
b) If ν < n−1
2
, then
1
2π
∫ ∞
0
∣∣∣∣Γ(12 + iλ)Γ(n−12 + iλ)Γ(ν − n−12 + iλ)Γ(2iλ)
∣∣∣∣2 pν,k(λ)pν,l(λ)dλ
+
Γ(ν)Γ(ν − n−2
2
)Γ(n− 1− ν)Γ(n
2
− ν)
Γ(n− 1− 2ν)
×pν,k
(
i
(
ν − n− 1
2
))
pν,l
(
i
(
ν − n− 1
2
))
= Γ
(n
2
)
Γ
(
ν − n− 2
2
)
Γ(ν)δkl.
Proof. Reall the root spae deomposition for h. Let 〈 , 〉 denote the
inner produt on aC that is dual to the restrition of the Killing form
to a. Let α0 denote α/〈α, α〉.
In this setting the spherial funtion ϕλ is determined by the formula
(f [6℄, Ch. IV, exerise 8)
ϕλ(exp(tξe)0) = 2F1(a
′, b′, c′;− sinh(α(tξe))2),(59)
where
a′ =
1
2
(
1
2
mα +m2α + 〈iλ, α0〉
)
=
1
2
(
n− 1
2
+ iλ
)
,
b′ =
1
2
(
1
2
mα +m2α − 〈iλ, α0〉
)
=
1
2
(
n− 1
2
− iλ
)
,
c′ =
1
2
(
1
2
mα +m2α + 1
)
=
1
2
(
n+ 1
2
)
.
Letting x = exp(tξe)0 = tanh t, (59) takes the form
ϕλ(x) = 2F1(a
′, b′, c′;
xxt
1− xxt )(60)
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By Euler's formula (f [5℄) we have
ϕλ(x) = 2F1(a
′, b′, c′;
xxt
1− xxt ) = (1− xx
t)a
′
2F1(a
′, c′ − b′, c′; xxt)
For the funtion R−1ϕλ we thus get the expression
R−1ϕλ(z) = (1− zzt)−ν+a′ 2F1(a′, c′ − b′, c; zzt)(61)
Expanding (61) into a power series yields
R−1ϕλ(z) =
∞∑
m=0
m∑
l=0
(ν − a′)m−l(a′)l(c′ − b′)l
(m− l)!l!(c′)l (zz
t)m,(62)
notiing that |zzt| < 1 for z ∈ D . Next, we use the following simple
identities:
(ν − a′)m−l = (ν − a
′)m
(ν − a′ + (m− l))l =
(ν − a′)m
(−1)l(−(ν − a′ +m− 1))l
(m− l)! = m!
(m− l + 1)l .
Substitution of these in (62) yields
R−1ϕλ(z)(63)
=
∞∑
m=0
(ν − a′)m
m!
m∑
l=0
(a′)l(c
′ − b′)l(−m)l
(c′)l(−(ν − a′ +m− 1))l (zz
t)m.
The inner sum in (63) an be reognised as a hypergeometri funtion,
i.e., we have
m∑
l=0
(a′)l(c
′ − b′)l(−m)l
(c′)l(−(ν − a′ +m− 1))l = 3F2(a
′, c′ − b′,−m; c′,−(ν − a′ +m− 1); 1).
Now we use Thomae's transformation rule (f [5℄) for the funtion 3F2:
3F2(a
′, c′ − b′,−m; c′,−(ν − a′ +m− 1); 1)
=
(−(ν − a′ +m− 1)− (c′ − b′))m
(−(ν − a′ +m− 1))m
× 3F2(c′ − a′, c′ − b′,−m; 1 + (c′ − b′) + (ν − a′ +m− 1)−m; 1)
We nally obtain the following expression:
R−1ϕλ(z) =
∞∑
k=0
cn,ν,k(λ)(zz
t)k,
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where
cn,ν,k(λ) =
(ν − n−2
2
)k
k!
3F2(−k, 1 + iλ
2
,
1− iλ
2
;
n
2
, ν − n− 2
2
; 1)
Reall the ontinuous dual Hahn polynomials (f [27℄)
Sk(x
2; a, b, c) = (a+ b)k(a + c)k(64)
×3F2(−k, a+ ix, a− ix; a + b, a + c; 1)
We an thus write
R−1ϕλ(z) =
∞∑
k=0
(ν − n−2
2
)k
(n
2
)k(ν − n−22 )kk!
Sk
(
(
λ
2
)2;
1
2
,
n− 1
2
, ν − n− 2
2
)
(zzt)k
=
∞∑
k=0
pν,k(λ)
(zzt)k
‖(zzt)k‖ν .
For the orthogonality relation in the laim, we refer to [27℄. 
5.3. Prinipal and omplementary series representations. In
this setion we let µ (=µν) be the nite measure on the real line that
orthogonalises the oeients pk(λ) in (59). Let Λν be its support. As
we saw above, µ an, depending on the value of ν, either be absolutely
ontinuous with respet to Lebesgue measure or have a point mass at
λ = i(ν − (n− 1)/2), i.e., we either have
Λν = (0,∞)
⋃
{i(ν − (n− 1)/2)}, ν ∈ ((n− 2)/2, (n− 1)/2)
or
Λν = (0,∞), ν ≥ (n− 1)/2.
We will now onstrut expliit realisations for the spherial represen-
tations πλ orresponding to the points λ ∈ Λν on Hilbert spaes Hλ.
For λ in the ontinuous part in Λ, the underlying spae Hλ will be
L2(Sn−1) and for the disrete point i(ν − (n − 1)/2), Hλ will be a
Sobolev spae.
We will hereafter suppress the index ν and simply denote the support
of µ by Λ.
Lemma 13. If g ∈ H, then g transforms the surfae measure, σ, on
Sn−1 as
dσ(gζ) = Jg(ζ)
n−1
n dσ(η).
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Proof. Clearly it sues to prove the statement for automorphisms of
the form
g = exp ξv, v ∈ Rn.
Moreover we an assume that ζ = e1, sine any ζ ∈ Sn−1 an be
written as le1, where l ∈ L, and
exp ξv(le1) = (exp ξvl)(e1) = (ll
−1 exp ξvl)(e1) = (lσl−1(exp ξv))(e1)
= l exp (Ad(l−1)ξv)(e1) = l exp ξ l−1v(e1).
Consider now the tangent spae of Rn at e1. We have an orthogonal
deomposition
Te1(R
n) = Te1(S
n−1)⊕ Re1.
At ge1 we have the orresponding deomposition
Tge1(R
n) = Tge1(S
n−1)⊕ Rge1.
Sine H preserves Sn−1,
dg(e1) Te1(S
n−1) = Tge1(S
n−1),
and by ompleting e1 and ge1 to orthonormal bases for their respetive
tangent spaes, dg(e1) orresponds to a matrix of the form
c 0
| ∗ ∗ ∗
v ∗ ∗ ∗
| ∗ ∗ ∗

Hene
Jg(e1) = cJg|Sn−1 (e1),(65)
where
c = (dg(e1)e1, ge1).(66)
We next determine this onstant c.
We have
c = (dg(e1)e1, ge1) = lim
r→1
(dg(re1)re1, gre1).
For xed r < 1 we have
exp ξv(re1) = u+B(u, u)
1/2B(re1,−u)−1(re1 +Q(re1)u)
= u+ dg(re1)(re1 +Q(re1)u),
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and
Jg(re1) =
(
h(re1,−u)
h(u, u)1/2
)−n
,(67)
where u = tanh v. Sine Q(re1)u = 2(u, re1)re1 − u, we get
(dg(re1)re1, g(re1))(68)
= (1 + 2(u, re1))|dg(re1)re1|2 + (dg(re1)re1, u− dg(re1)u)
For any z ∈ D ⋂Rn and v, w ∈ Rn, the identity
(dg(z)v, w) =
h(gz, gz)
h(z, z)
(v, dg(z)−1w)(69)
an be established using the transformation properties of the funtion
h and the operator B. Applying (69) in the ases z = re1, v = re1,
and w = dg(re1)re1 and
w = u− dg(re1)u, repetively, yields
(dg(re1)re1, dg(re1)re1) =
h(g(re1), g(re1))
h(re1, re1)
r2(70)
and
(dg(re1)re1, u− dg(re1)u)(71)
=
h(g(re1), g(re1))
h(re1, re1)
(re1, dg(re1)
−1u− u).
The expressions above and an elementary omputation shows that
(68) an be written as
(dg(re1)re1, g(re1))(72)
=
h(g(re1), g(re1))
h(re1, re1)
r2
1 + 2(u, re1) + |u|2
1− |u|2
By the transformation rule for the Bergman kernel
h(g(re1), g(re1)) = |Jg(re1)|2/nh(re1, re1).
So,
c = lim
r→1
|Jg(re1)|2/nr2 1 + 2(u, re1) + |u|
2
1− |u|2
= |Jg(e1)|2/nh(e1,−u)
h(u, u)1/2
.
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Comparing with the expression (67), we have determined the onstant
c = Jg(e1)
1/n,
and this nishes the proof. 
For λ in the ontinuous part of Λ, the orresponding representation
is a prinipal series representation desribed by the following propo-
sition. (We will hereafter follow Helgason and in this ontext denote
Sn−1 by B. The measure σ will be denoted by db.)
Proposition 14. For any real number λ, the map h 7→ τλ(h), where
τλ(h)f(b) = Jh−1(b)
iλ+ρ
n f(h−1b)
denes a unitary representation of H on L2(B).
Proof. We have∫
B
|Jh−1(b)
iλ+ρ
n |2|f(h−1b)|2db =
∫
B
Jh−1(hb)
2ρ
n |f(b)|2d(hb)
=
∫
B
Jh(b)
− 2ρ
n |f(b)|2Jh(b)n−1n db
=
∫
B
|f(b)|2db,
where the last equality follows by lemma 13. 
It is well known that the representations τλ above are unitarily
equivalent to the anonial spherial representations assoiated with
the orresponding funtionals λ on aC (f [11℄, h. 7).
In order to realise the representation τλ for λ = i(ν− (n−1)/2), we
onsider the following Hilbert spaes.
Denition 15. For
n−2
2n
≤ α < n−1
2n
, let Cα be the Hilbert spae
ompletion of the C∞-funtions on Sn−1 with respet to the norm
‖f‖Cα =
∫
Sn−1
∫
Sn−1
f(ζ)f(η)K(ζ, η)αdσ(ζ)dσ(η)
Using the ation of H on Sn−1, we an dene a unitary representa-
tion of H on Cα of the form
σα : f 7→ Jh−1(·)βf(h−1·), h ∈ H,
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where β = −α + (n− 1)/n. The unitarity follows from∫
Sn−1
∫
Sn−1
Jh−1(ζ)
βf(h−1ζ)Jh−1(η)βf(h−1η)K(ζ, η)
αdσ(ζ)dσ(η)
=
∫
Sn−1
∫
Sn−1
Jh(ζ)
−βf(ζ)Jh(η)−βf(η)K(hζ, hη)
αJh(ζ)
n−1
n Jh(η)
n−1
n dσ(ζ)dσ(η)
=
∫
Sn−1
∫
Sn−1
Jh(ζ)
−β−α+n−1
n Jh(η)
−β−α+n−1
n f(ζ)f(η)K(ζ, η)αdσ(ζ)dσ(η).
In fat, this representation is irreduible (f [1℄). We denote this repre-
sentation by σα. One an prove that for α = ν/n and λ = ν−(n−1)/2,
σα and τλ are unitarily equivalent.
Reall the expression in Cor. 6 for the spherial funtions. In this
setting we write it as
ϕλ(x) =
∫
B
eλ,b(x)db,
where
eλ,b(x) =
(
h(x, x)1/2
h(x, b)
)iλ+ρ
by Cor. 6. For xed z ∈ D and λ ∈ Λ, R−1eλ,b(z) is a funtion
in L2(B). Moreover, πν(H) makes sense as a group of mappings on
O(D), the set of holomorphi funtions on D . We have a relationship
between these representations.
Lemma 16. For every g ∈ H and λ ∈ Λ,
πν(g)τλ(g)R
−1eλ,b(z) = R
−1eλ,b(z).(73)
Correspondingly, for X ∈ h, we have the relation
πν(X)R
−1eλ,b(z) = −τλ(X)R−1eλ,b(z).(74)
The proof is straightforward by applying the transformation rules
for the funtion h(z, w).
5.4. The Fourier-Helgason transform. The purpose of this setion
is to onstrut anH-intertwining unitary operator between the Hilbert
spaes Hν and
∫
Λ
Hλdµ.
Any holomorphi funtion, f , on D has a power series expansion
f(z) =
∑
α
fαz
α,(75)
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where fα =
∂αf
α!∂zα
(0). We an ollet the powers of equal homogeneous
degree together and write
f(z) =
∑
k
fk(z),(76)
where fk is of homogeneous degree k. We now onsider the mapping
(·, ·)ν : P ×O(D)→ C
dened as
(f, g)ν =
∑
k
〈f, gk〉ν .(77)
Observe that the denition makes sense sine every polynomial is or-
thogonal to all but nitely many gk.
Denition 17. If f is a polynomial in Hν , its generalised Fourier-
Helgason transform is the funtion f˜ on Λ×B dened by
f˜(λ, b) = (f, R−1eλ,b)ν(78)
Proposition 18. (i) If the polynomial f is in H Lν , then f˜ is L-
invariant and
‖f‖2ν =
∫
Λ
‖f˜‖2λdµ,
where ‖ · ‖λ is the norm on Hλ, and the Fourier-Helgason transform
extends to an isometry from H Lν onto L
2(Λ, dµ).
(ii) The inversion formula for L-invariant polynomials
f(z) =
∫
Λ
f˜(λ)R−1ϕλ(z)dµ(λ)(79)
holds. Moreover, the above formula holds for arbitrary L-invariant
funtions, when restrited to the submanifold X .
Proof. Writing
R−1eλ,b =
∑
α
cα(λ, b)z
α =
∑
k
eλ,b,k
and
R−1ϕλ(z) =
∑
α
cα(λ)z
α =
∑
k
pk(λ)ek(z),
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we see that the oeients and polynomials of homogeneous degree k
are related by
cα(λ) =
∫
B
cα(λ, b)db(80)
and
pk(λ)ek(z) =
∫
B
eλ,b,k(z)db(81)
respetively. Therefore we have
f˜(λ, b) =
∑
k
〈f, eλ,b,k〉ν
=
∑
k
〈
∫
L
πν(l)fdl, eλ,b,k〉ν
=
∑
k
〈f,
∫
L
πν(l
−1)eλ,b,kdl〉ν
=
∑
k
〈f,
∫
L
πλ(l)eλ,b,kdl〉ν
= (f, R−1ϕλ)ν .
This proves the L-invariane. Moreover, we have
(f, R−1ϕλ)ν =
∑
k
pk(λ)〈f, ek〉ν .
Hene ∫
Λ
‖f˜‖2λdµ =
∑
k
|〈f, ek〉ν |2 = ‖f‖2ν .
This proves the rst part of the laim.
To prove the inversion formula, we now let f be an L-invariant
polynomial and x be a point in D
⋂
Rn. Sine we have an estimate of
the form
|R−1ϕλ(x)| ≤ (1− |x|2)− ν2C(x),(82)
where C is some funtion of x, independently of λ, the integral∫
Λ
f˜(λ)R−1ϕλ(x)dµ(λ)
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makes sense for real x. We then have∫
Λ
f˜(λ)R−1ϕλ(x)dµ(λ) =
∑
k
∫
Λ
〈f, ek〉νpk(λ)R−1ϕλ(x)dµ(λ)
=
∑
k
〈f, ek〉ν
∫
Λ
∑
j
pk(λ)pj(λ)ej(x)dµ(λ)
= f(x).
Now let f ∈ H Lν be arbitrary. We hoose a sequene of polynomials
fn ∈ H Lν suh that
f = lim fn.
Sine the evaluation funtionals are ontinuous, we have
f(x) = lim
n→∞
fn(x) = lim
n→∞
∫
Λ
f˜n(λ)R
−1ϕλ(x)dµ(λ)
for every real point x. By Jensen's inequality and (82)∣∣∣∣∫
Λ
(f˜(λ)− f˜n(λ))R−1ϕλ(x)dµ(λ)
∣∣∣∣2
≤ µ(Λ)
∫
Λ
|f˜(λ)− f˜n(λ)|2C(x)(1− |x|2)−νdµ(λ).
Hene
f(x) =
∫
Λ
f˜(λ)R−1ϕλ(x)dµ(λ).
Thus the inversion formula holds for real points, x. To see that the
formula holds for arbitrary points when f is a polynomial, we note
that both the left hand- and the right hand side of the formula dene
holomorphi funtions on D . Sine they agree on the totally real form
X , they are equal. 
Theorem 19 (The Planherel Theorem). For ν > (n − 2)/2, the
Fourier-Helgason transform is a unitary isomorphism from the H-
modules Hν onto the H-module
∫
Λ
Hλdµ, i.e.,
(πν(h)f)
e(λ, b) = τλ(h)f˜(λ, b),
for h ∈ H, and
‖f‖2ν =
∫
Λ
‖f˜‖2λdµ.
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Proof. We divide the proof into three steps:
(i) We prove that the Fourier-Helgason transform intertwines the a-
tion of the Lie algebra of H .
(ii) We use (i) to prove that the norm is preserved.
(iii) We onlude that the group ations are intertwined from (i) and
(ii).
We will see that these properties atually imply that the Fourier-
Helgason transform is surjetive.
Consider now the orresponding representations of the Lie algebra
h. These will also be denoted by πν and τλ respetively. Moreover
they extend naturally to representations of the universal enveloping
algebra, U(h), of h.
Let X ∈ h. If f is a polynomial in Hν , then dierentiation of the
mapping
t 7→ Jexp tX(z)ν/nf((exp tX)z)
at t = 0 shows that πν(X)f is also a polynomial, and
π˜ν(X)f(λ, b) =
∑
k
〈πν(X)f, eλ,b,k〉ν
=
∑
k
〈f,−πν(X)eλ,b,k〉ν
=
∑
k
〈f, τλ(X)eλ,b,k〉ν
= (f, τλ(X)R
−1eλ,b)ν
= τλ(X)(f, R
−1eλ,b)ν ,
whih proves (i).
To prove the seond step, we reall that the adjoint representation
of L on h extends to an ation on U(h) as homomorphisms of an asso-
iative algebra. The L-invariant elements in U(h) form a subalgebra,
U(h)L. We let p denote the projetion
X 7→
∫
L
Ad(l)Xdl
of U(h) onto U(h)L. This ation of L onnets the representations of
H and U(h) aording to the following identity:
πν(l)πν(X)πν(l
−1) = πν(Ad(l)X),
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for l ∈ L and X ∈ U(h).
Sine the vetor 1 ∈ Hν is yli for the representation of H , it is
also yli for the representation of U(h). Hene it sues to prove
that the norm is preserved for elements of the form πν(X)1, where
X ∈ U(h). In the following equalities, we temporarily let τ denote the
diret integral of the representations τλ, and analogously we let 〈, 〉
denote the diret integral of the orresponding inner produts.
〈πν(X)1, πν(X)1〉ν = 〈πν(X)∗πν(X)1, 1〉ν
= 〈−πν(X2)1, 1〉ν
Sine the vetor 1 is L-invariant, the last expression equals 〈−πν(p(X2))1, 1〉ν,
and by proposition (18), we have
〈−πν(p(X2))1, 1〉ν = 〈− ˜πν(p(X2))1, 1˜〉.
By (i), the expression on the right-hand side equals 〈−τ(p(X2))1˜, 1˜〉,
and sine 1˜ is L-invariant, we have
〈−τ(p(X2))1˜, 1˜〉 = 〈−τ(X2)1˜, 1˜〉.
Thus (ii) is proved.
To prove (iii), we reall the following equalities (on the respetive
dense spaes of analyti vetors):
πν(exp(X)) = e
πν(X)
τλ(exp(X)) = e
τλ(X).
From this and the fats that H is onneted and that the Fourier-
Helgason transform is bounded operator, we immediately see that (iii)
holds.
To see that the operator is surjetive, note that by (ii) and (iii)
〈πν(f)1, 1〉ν =
∫
Λ
〈τλ1˜(λ, ·), 1˜(λ, ·)〉λdµ,
for f ∈ L1(H)#, i.e., we an write the positive funtional
f 7→ 〈πν(f)1, 1〉ν
as an integral of pure states with respet to some measure. By unique-
ness, it is the measure in Theorem 10. Sine the Fourier-Helgason
transform intertwines the group ation, it is the intertwining operator
onstruted in Theorem 10. Thus it is surjetive. 
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Theorem 20 (The Inversion Formula). If f is a polynomial in Hν,
then
f(z) =
∫
Λ
∫
B
f˜(λ, b)R−1eλ,b(z)dbdµ(λ).(83)
Proof. Take h ∈ H . Dene
f1(z) =
∫
L
πν(l)πν(h)f(z)dl
This is a radial funtion, and we have that
f1(0) = Jh−1(0)
ν
n f(h−10).(84)
Prop. 18 gives
f1(0) =
∫
Λ
f˜1(λ)R
−1ϕλ(z)dµ(λ).(85)
Moreover
f˜1(λ) = (f1, R
−1ϕλ)ν = (
∫
L
πν(l)πν(h)fdl, R
−1ϕλ)ν
= (πν(h)f, R
−1ϕλ)ν .
(86)
By Thm. 19 we have
(πν(h)f, R
−1ϕλ)ν = (f, πν(h
−1)R−1ϕλ)ν
= (f,
∫
B
πν(h
−1)R−1eλ,b db)ν
= (f,
∫
B
πν(h
−1)R−1eλ,b db)ν
= (f,
∫
B
τλ(h)R
−1eλ,b db)ν
= (f,
∫
B
Jh−1(b)
iλ+ρ
n R−1eλ,h−1b db)ν .
The integrand above has a power series expansion where the oe-
ients are funtions of b. If we integrate, we obtain a holomorphi
funtions for whih the oeients in the power series expansion are
obtained by integrating the aforementioned oeients over B. Hene
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we an proeed as follows.
(f,
∫
B
Jh−1(b)
iλ+ρ
n R−1eλ,h−1b db)ν =
∫
B
Jh−1(b)
−iλ+ρ
n (f, R−1eλ,h−1b)νdb
=
∫
B
Jh−1(b)
−iλ+ρ
n f˜(λ, h−1b)db
=
∫
B
Jh−1(hb)
−iλ+ρ
n f˜(λ, b)Jh(b)
n−1
n db
=
∫
B
f˜(λ, b)Jh(b)
iλ+ρ
n db.(87)
It is easy to see that
Jh(b)
iλ+ρ
n = Jh−1(0)
ν
nR−1eλ,b(h
−10),(88)
and so ombining (84), (85) and (87) nally yields
f(h−10) =
∫
Λ
∫
B
f˜(λ, b)R−1eλ,b(h
−10)db dµ.(89)
Thus the inversion formula holds for real points, hene for all points
by the same argument as in the proof of Prop. 18. 
6. Realisation of the disrete part of the deomposition
We reall the earlier dened omplementary series representations.
The following theorem states that σν/n is the representation orre-
sponding to the singular point in the deomposition theorem.
Theorem 21. The operator Tν dened by the formula
(Tνf)(z) =
∫
Sn−1
f(ζ)Kν(z, ζ)dσ(ζ)
is a unitary H-intertwining operator from Cν/n onto an irreduible
H-submodule of Hν.
Proof. First of all we note that Tν maps funtions in Cν/n to holomor-
phi funtions on D and thus πν has a meaning on the range of Tν .
BRANCHING OF SOME HOLOMORPHIC REPRESENTATIONS OF SO(2,N)41
We start by showing that Tν is formally intertwining. We have
Tν(σν/n)f(z) =
∫
Sn−1
Jh−1(ζ)
−ν/n+n−1
n f(h−1ζ)Kν(z, ζ)dσ(ζ)
=
∫
Sn−1
Jh(ζ)
ν/n−n−1
n f(ζ)Kν(z, hζ)Jh(ζ)
n−1
n dσ(ζ)
=
∫
Sn−1
Jh(ζ)
ν/nf(ζ)Kν(h
−1z, ζ)Jh(h
−1z)−
ν
nJh(ζ)
− ν
ndσ(ζ)
= Jh−1(z)
ν
n
∫
Sn−1
f(ζ)Kν(h
−1z, ζ)dσ(ζ),
i.e.,
Tνσν/n = πνTν .
The next step is to prove that the onstant funtion 1 is mapped into
Hν and that its norm is preserved. Note that for α = ν/n,K(z, ζ)
α =
Kν(z, ζ), and by Prop. 7 we have an expansion
Kν(ζ, e1) =
∑
m−2k≥0
cm,k(ν)K(m−k,k)(ζ, e1),
where the oeients cm,k(ν) are given expliitly. Now, sine Kν(ζ, e1)
is SO(n − 1)-invariant and the ation of SO(n − 1) is linear, eah
K(m,k)(ζ, e1)must also be SO(n−1)-invariant. Hene, K(m,k)(ζ, e1) an
be assumed to be φm−2k(ζ)(ζζ
t)k, where φm−2k is the unique element
in Em−2k that assumes the value 1 in e1. Therefore∫
Sn−1
K(ζ, η)αdσ(ζ)(90)
=
∫
L
Kν(ζ, le1)dl
∫
L
Kν(l
−1ζ, e1)dl
=
∑
m−2k≥0
cm,k(ν)
∫
L
(l−1ζ(l−1ζ)t)kφm−2k(l
−1ζ)dl(91)
=
∑
m−2k≥0
cm,k(ν)(ζζ
t)k
∫
L
φm−2k(l
−1ζ)dl(92)
Sine SO(n) ats irreduibly on Em−2k and the funtion
∫
L
φm−2k(l
−1z)dl
is an SO(n)-invariant element in Em−2k it must be identially zero un-
less m− 2k = 0. Sine
‖1‖2C ν
n
=
∫
Sn−1
∫
Sn−1
Kν(ζ, η)dσ(ζ)dσ(η),
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the omputation above implies that
‖1‖2C ν
n
=
∫
Sn−1
∞∑
k=0
c2k,k(ν)(ζζ
t)kdσ(ζ)
=
∞∑
k=0
c2k,k(ν) =
∞∑
k=0
(ν)k(ν − n−22 )k
‖(zzt)k‖2
F
=
∞∑
k=0
(ν)k(ν − n−22 )k
k!(n
2
)k
(93)
On the other hand, the equalities (90)-(92) also show that
Tν1(z) =
∞∑
k=0
(ν)k(ν − n−22 )k
k!(n
2
)k
(zzt)k
=
∞∑
k=0
((ν)k(ν − n−22 )k)1/2
(k!(n
2
)k)1/2
(zzt)k
‖(zzt)k‖ν .(94)
If we ompare (93) and (94), we see that Tν1 ∈ Hν and that ‖1‖Cν/n =
‖1‖ν. Reall that
Cν/n =
⊕
m
Em(Sn−1)
and that the representation of h on the algebrai sum
⊕
m Em(S
n−1)
is irreduible. Hene⊕
m
Em(S
n−1) = SpanC{σν/n(X1) . . . σν/n(Xk)1|Xi ∈ h, 1 ≤ i ≤ k}
Sine Tν interwines the representations of h, we have that πν is an
irreduible representation of h on the spae Tν(
⊕
m Em(S
n−1)) ⊆ Hν.
By Shur's lemma ([13℄, h.4)
〈Tνf, Tνg〉ν = c〈f, g〉Cν/n,
for some real onstant c. Putting, f and g equal to the onstant
funtion 1 and applying, we see that c = 1. Therefore, Tν extends to
a unitary operator
Tν : Cν/n → Tν(
⊕
m
Em(Sn−1))
and we have proved the theorem. 
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7. Realisation of the minimal representation π(n−2)/2
In this setion we show that the representation π(n−2)/2 of H is
irreduible by realising it as a omplementary series representation.
We reall the spae Cν/n from the previous setion and the orre-
sponding operator Tν .
Theorem 22. T(n−2)/2 is a unitary H-intertwining operator from C(n−2)/2n
onto H(n−2)/2.
Proof. Reall that
C(n−2)/n =
⊕
m
Em(Sn−1)(95)
and that the sum is a deomposition into SO(n)-irreduible subspaes.
If we let P(n−2)/n denote the set of all nite sums in (95), σ(n−2)/n
denes a representation of l on P(n−2)/n. The polynomial (ζ1+ iζ2)m is
a highest weight vetor in Em for this representation. Moreover, the
power series expansion of K(n−2)/n shows that T(n−2)/2 is a polynomial
in Em. Sine T(n−2)/2 intertwines the l-ations, T(n−2)/2((ζ1 + iζ2)
m) is
a highest weight vetor spae for π(n−2)/2(l), i.e.,
(T(n−2)/2(ζ1 + iζ2)
m)(z) = Cm(z + iz)
m,(96)
for some onstant Cm. We now determine Cm. Choose z = w
1
2
(1,−i, 0, . . . , 0),
where w is a omplex number with |w| < 1. In this ase zzt =
0, (z + iz)m = wm. We now ompute (T(n−2)/2((ζ1 + iζ2)
m)(z).∫
Sn−1
K(n−2)/n(z, ζ)(ζ1 + iζ2)
m
=
∫
Sn−1
(1− w(ζ1 − iζ2))−(n−2)/n(ζ1 + iζ2)mdσ(ζ)
This integral only depends on the rst two oordinates and an hene
be onverted to an integral over the unit disk, U (f [21℄ Prop 1.4.4).∫
Sn−1
(1− w(ζ1 − iζ2))−(n−2)/n(ζ1 + iζ2)mdσ(ζ)
=
Γ
(
n−2
2
)
πΓ
(
n
2
) ∫
U
(1− wζ)−(n−2)/nζm(1− |ζ |2)(n−4)/2dm(ζ).
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We have the power series expansion
(1− wζ)−(n−2)/2 =
∞∑
k=0
(
n− 2
2
)
k
(zζ)k
Reall that (1 − wζ)−n/2 is the reproduing kernel for the weighted
Bergman spae Hn/2(U), dened as
Hn/2(U) = {f ∈ O(U) |
Γ
(
n
2
)
πΓ
(
n−2
2
) ∫
U
|f(ζ)|2(1− |ζ |2)(n−4)/2dm(ζ) <∞},
Polynomials of dierent degree are orthogonal in Hn/2(U) and hene
we have∫
U
(1− wζ)−(n−2)/nζm(1− |ζ |2)(n−4)/2dm(ζ)
=
∫
U
∞∑
k=0
(
n− 2
2
)
k
(zζ)kζm(1− |ζ |2)(n−4)/2dm(ζ)
=
∫
U
∞∑
k=0
(
n− 2
2
)(n
2
)
m
(zζ)mζm(1− |ζ |2)(n−4)/2dm(ζ)
= πwm,
where the last equality follows from the reproduing property inHn/2(U).
Summing up, we have
(T(n−2)/2(ζ1 + iζ2)
m)(z) =
n− 2
2π2
(z1 + iz2)
m
(97)
From this and the intertwining of the l-ation, it follows that
T(n−2)/2
(⊕
m
Em(S
n−1)
)
⊆
⊕
m
Em(98)
To ompute the norm of T(n−2)/2(p) where p ∈ Ek(Sn−1), we rst x
r < 1 and onsider the polynomial T(n−2)/2(p(rz)). By denition
T(n−2)/2(p)(rz) =
∫
Sn−1
Kν(rz, ζ)p(ζ)dσ(ζ)
=
∫
Sn−1
Kν(z, rζ)p(ζ)dσ(ζ).(99)
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The norm is given by
‖T(n−2)/2(p)(r ·)‖2ν =
∫
Sn−1
∫
Sn−1
p(ζ)p(η)Kν(rζ, rη)dσ(ζ)dσ(η).
Finally, we let r → 1 and obtain
‖T(n−2)/2(p)‖2ν =
∫
Sn−1
∫
Sn−1
p(ζ)p(η)Kν(ζ, η)dσ(ζ)dσ(η).
From this and the orthogonality of the spaes Ek, it follows that
T(n−2)/2 maps (
⊕
mEm(S
n−1) isometrially onto (
⊕
mEm). Hene it
extends to a unitary operator from C(n−2)/2n onto H(n−2)/2. 
Referenes
1. Cowling, Mihael Harmoni analysis on some nilpotent Lie groups (with appli-
ation to the representation theory of some semisimple Lie groups) Topis in
modern harmoni analysis, Vol. I, II (Turin/Milan, (1982), 81123, Ist. Naz.
Alta Mat. Franeso Severi, Rome, 1983
2. Faraut, J. and Korányi, A.Funtion spaes and reproduing kernels on bounded
symmetri domains J. Funt. Anal. 88,(1990), 1, 6489
3. Faraut, J. and Korányi, A. Analysis on symmetri ones Oxford Mathemat-
ial Monographs, Oxford Siene Publiations, The Clarendon Press Oxford
University Press, New York, 1994
4. Folland, Gerald B. A ourse in abstrat harmoni analysis Studies in Ad-
vaned Mathematis, CRC Press, Boa Raton, FL, 1995
5. Gasper, George and Rahman, Mizan Basi hypergeometri series Enylo-
pedia of Mathematis and its Appliations, 35, Cambridge University Press,
Cambridge, 1990
6. Helgason, Sigurdur Groups and geometri analysis Mathematial Surveys
and Monographs,83, Amerian Mathematial Soiety,Providene, RI, 2000
7. Howe, Roger Transending lassial invariant theory J. Amer. Math. So., 2,
(1989, 3, 535552
8. Hua, Loo-keng On the theory of Fuhsian funtions of several variables Ann.
of Math. (2), 47, (1946), 167191
9. Jakobsen, Hans Plesner and Vergne, Mihèle Restritions and expansions of
holomorphi representations J. Funt. Anal., 34, (1979), 1, 2953
10. Kashiwara, M. and Vergne, M. On the Segal-Shale-Weil representations and
harmoni polynomials Invent. Math., 44, (1978), 1, 147
11. Knapp, Anthony W. Representation theory of semisimple groups , an
overview based on examples Prineton University Press, Prineton, NJ, 2001
12. Knapp, Anthony W. Lie groups beyond an introdution Progress in Mathe-
matis, 140, Birkhäuser Boston In., Boston, MA, 2002
13. Knapp, Anthony W. and Vogan, Jr., David A. Cohomologial indution and
unitary representations Prineton Mathematial Series, 45, Prineton Uni-
versity Press, Prineton, NJ, 1995
46 HENRIK SEPPÄNEN
14. Kobayashi, Toshiyuki and Ørsted, Bent Analysis on the minimal representa-
tion of O(p, q), II. Branhing laws Adv. Math., 180, (2003), 2, 513550
15. Loos, O. Bounded symmetri domains and Jordan pairs Leture notes, Uni-
versity of California, Irvine, 1977
16. Murphy, Gerard J. C∗-algebras and operator theory Aademi Press
In.,Boston, MA, 1990
17. Namark, M. A. Normed rings P. Noordho N. V., Groningen, 1964
18. Neretin, Yu. A. Beta integrals and nite orthogonal systems of Wilson polyno-
mials Mat. Sb., 193, (2002), 7, 131148
19. Neretin, Yurii A. Planherel formula for Berezin deformation of L2 on Rie-
mannian symmetri spae J. Funt. Anal., 189, (2002), 2, 336408
20. Rossi, H. and Vergne, M. Analyti ontinuation of the holomorphi disrete
series of a semi-simple Lie group Ata Math., 136, (1976), 1-2, 159
21. Rudin, Walter Funtion theory in the unit ball of C
n
 Grundlehren der Math-
ematishen Wissenshaften [Fundamental Priniples of Mathematial Siene℄,
241, Springer-Verlag, New York, 1980
22. Rudin, Walter Funtional analysis International Series in Pure and Applied
Mathematis, MGraw-Hill In., New York, 1991
23. Stein, Elias M. and Weiss, Guido Introdution to Fourier analysis on Eu-
lidean spaes,Prineton Mathematial Series, No. 32 Prineton University
Press, Prineton, N.J., 1971
24. Unterberger, A. and Upmeier, H. The Berezin transform and invariant dier-
ential operators Comm. Math. Phys., 164, (1994), 3, 563597
25. van Dijk, G. and Pevzner, M. Berezin kernels of tube domains J. Funt. Anal.,
181, (2001), 2, 189208
26. Wallah, Nolan R. The analyti ontinuation of the disrete series. I, II Trans.
Amer. Math. So., 251, (1979), 117, 1937
27. Wilson, James A. Some hypergeometri orthogonal polynomials SIAM J. Math.
Anal., 11, (1980), 4, 690701
28. Zhang, Genkai Berezin transform on real bounded symmetri domains Trans.
Amer. Math. So., 353, (2001), 9, 37693787 (eletroni)
29. Zhang, Genkai Tensor produts of minimal holomorphi representations Rep-
resent. Theory, 5, (2001), 164190 (eletroni)
30. Zhang, Genkai Branhing oeients of holomorphi representations and
Segal-Bargmann transform J. Funt. Anal., 195, (2002), 2, 306349
Henrik Seppänen, Fahbereih Mathematik, AG AGF Tehnishe
Universität Darmstadt Shloÿgartenstraÿe 7 64289 Darmstadt
E-mail address : seppaenenmathematik.tu-darmstadt.de
